
Similarly,  𝒕𝒓𝒂𝒔𝒎𝒊𝒕𝒕𝒂𝒏𝒄𝒆 𝑻 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠:

𝑻 ≡
𝑡𝑟𝑎𝑠𝑚𝑖𝑡𝑡𝑒𝑑 𝑝𝑜𝑤𝑒𝑟

𝑖𝑐𝑖𝑑𝑒𝑛𝑡 𝑝𝑜𝑤𝑒𝑟
=
𝐼𝑡𝑨𝒄𝒐𝒔𝜽𝒕
𝐼𝑖𝑨𝒄𝒐𝒔𝜽𝒊

=

𝑣𝑡𝜺𝒕
𝜺𝟎
𝟐

𝑬𝟎𝒕
𝟐

𝑣𝑖𝜺𝒊
𝜺𝟎
𝟐

𝑬𝟎𝒊
𝟐

∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

=
𝑣𝑡𝜀𝑡

𝑟𝑬𝟎𝒕
𝟐

𝑣𝑖𝜀𝑖
𝑟𝑬𝟎𝒊

𝟐 ∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

[𝟒𝟎]

𝑵𝒆𝒙𝒕, 𝒓𝒆𝒄𝒂𝒍𝒍𝒊𝒏𝒈 𝒕𝒉𝒂𝒕 𝒏𝟐 = 𝜺𝒓𝝁𝒓 ≅ 𝜺𝒓 and that 𝑣𝑗 =
𝑐

𝑛𝑗
𝑎𝑛𝑑 𝑖𝑛𝑡𝑟𝑜𝑑𝑢𝑐𝑖𝑛𝑔 𝑖𝑡 𝑖𝑛𝑡𝑜 40 𝑔𝑖𝑣𝑒𝑠:

𝑻 =
𝑣𝑡𝜀𝑡

𝑟𝑬𝟎𝒕
𝟐

𝑣𝑖𝜀𝑖
𝑟𝑬𝟎𝒊

𝟐
∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

=

𝑐
𝑛𝑡
𝒏𝑡
𝟐𝑬𝟎𝒕

𝟐

𝑐
𝑛𝑖
𝒏𝑖
𝟐𝑬𝟎𝒊

𝟐
∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

=
𝑛𝑡𝑬𝟎𝒕

𝟐

𝑛𝑖𝑬𝟎𝒊
𝟐
∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

=
𝑛𝑡𝒄𝒐𝒔𝜽𝒕
𝑛𝑖𝒄𝒐𝒔𝜽𝒊

𝑬𝟎𝒕
𝟐

𝑬𝟎𝒊
𝟐
=
𝑛𝑡𝒄𝒐𝒔𝜽𝒕
𝑛𝑖𝒄𝒐𝒔𝜽𝒊

𝒕𝟐

Dividing by 𝜺𝟎 𝒕𝒐 𝒚𝒊𝒆𝒍𝒅 𝜺𝒓

So in summary we have:

𝑹 = 𝒓𝟐 𝑻 =
𝑛𝑡𝒄𝒐𝒔𝜽𝒕
𝑛𝑖𝒄𝒐𝒔𝜽𝒊

𝒕𝟐 =

𝟏
𝒗𝑡

𝒄𝒐𝒔𝜽𝒕

𝟏
𝒗𝒊
𝒄𝒐𝒔𝜽𝒊

𝒕𝟐and 



As can be seen, 𝑻, 𝑢𝑛𝑙𝑖𝑘𝑒 𝑹 = 𝒓𝟐, 𝑖𝑠 𝑛𝑜𝑡 𝑠𝑖𝑚𝑝𝑙𝑦 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝒕𝟐. There are two reasons for that:

1. Recalling that in a medium 𝑰 = 𝑵𝑻 𝒕 =
𝒗𝜺

𝟐
𝑬𝟎
𝟐 =

𝒄

𝒏
𝜺

𝟐
𝑬𝟎
𝟐

, the higher the velocity the more energy is transported.  

On the other hand, the denser (optically) the medium, the slower the speed of energy transported through it.   That is 
to say, the intensity is velocity dependent, i.e. 𝐼 𝛼 𝑣 , a fact which justifies the dependence of 𝑻 on indexes of 
refraction. 

2. The cross section area of the incident and reflected beams are the same, but different from that of the transmitted 
beam, a fact which is  manifested by the cosines ratio.   

Conservation of energy
ȁ𝐸𝑛𝑒𝑟𝑔𝑦 𝑖 = ȁ𝐸𝑛𝑒𝑟𝑔𝑦 𝑟 + ȁ𝐸𝑛𝑒𝑟𝑔𝑦 𝑡 = 𝑃𝐷 𝑖 ∙ 𝐴𝑖 = 𝑃𝐷 𝑟 ∙ 𝐴𝑟+𝑃𝐷 𝑡 ∙ 𝐴𝑡 =

𝑣𝑖𝜺𝒊

𝟐
𝑬𝟎𝒊
𝟐 𝒄𝒐𝒔𝜽𝒊 =

𝑣𝑟=𝑖𝜺𝒓=𝒊

𝟐
𝑬𝟎𝒓
𝟐 𝒄𝒐𝒔𝜽𝒓=𝒊 +

𝑣𝑡𝜺𝒕

𝟐
𝑬𝟎𝒕
𝟐 𝒄𝒐𝒔𝜽𝒕 [41]

Dividing [41] by its first left term yields:

1 =
𝑬𝟎𝒓
𝟐

𝑬𝟎𝒊
𝟐
+
𝑣𝑡
𝑣𝑖
∙

𝜺𝒕
𝜺𝒊

∙
𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

𝑬𝟎𝒕
𝟐

𝑬𝟎𝒊
𝟐
=

𝜇0
𝜇0

→ 𝟏 = 𝒓𝟐 +
𝑛𝑡𝒄𝒐𝒔𝜽𝒕
𝑛𝑖𝒄𝒐𝒔𝜽𝒊

𝒕𝟐 = 𝑹+ 𝑻 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆𝒓𝒆 𝒊𝒔 𝒏𝒐 𝒂𝒃𝒔𝒐𝒓𝒑𝒕𝒊𝒐𝒏

𝑬𝟎𝒓
𝟐

𝑬𝟎𝒊
𝟐 +

𝑣𝑡
𝑣𝑖

Τ1 𝑣𝑡
2

Τ1 𝑣𝑖
2 ∙

𝒄𝒐𝒔𝜽𝒕
𝒄𝒐𝒔𝜽𝒊

𝑬𝟎𝒕
𝟐

𝑬𝟎𝒊
𝟐 =

𝑬𝟎𝒓
𝟐

𝑬𝟎𝒊
𝟐 +

𝑛𝑡𝒄𝒐𝒔𝜽𝒕
𝑛𝑖𝒄𝒐𝒔𝜽𝒊

𝑬𝟎𝒕
𝟐

𝑬𝟎𝒊
𝟐 →



Recalling that for 𝜽i = 𝟎 ⟹ 𝜽𝒕= 𝟎

𝑅 = r2 = 𝑅∥ = 𝑅⊥ =
𝑛𝑡−𝑛𝑖

𝑛𝑡+𝑛𝑖

2
and             𝑇 = 𝑇∥ = 𝑇⊥ =

2𝑛𝑖

𝑛𝑡+𝑛𝑖

2

ቤ2. t∥ θi=0 = t⊥ θi=0 =
𝟐𝒏𝒊𝒄𝒐𝒔𝜽𝒊

𝒏𝒊𝒄𝒐𝒔𝜽𝒊 + 𝒏𝒕𝒄𝒐𝒔𝜽𝒕 𝜽𝒊=𝟎

=
𝟐𝒏𝒊

𝒏𝒊 + 𝒏𝒕

Then:

Hence, for external reflection, 4% of the light traveling in air and normally hitting a glass plane will be reflected 
back to air.

1.    r∥ θi=0 = − r⊥ θi=0 = ቚ
𝒏𝒕𝒄𝒐𝒔𝜽𝒊−𝒏𝒊𝒄𝒐𝒔𝜽𝒕

𝒏𝒕𝒄𝒐𝒔𝜽𝒊+𝒏𝒊𝒄𝒐𝒔𝜽𝒕 𝜽𝒊=𝟎
=

𝒏𝒕−𝒏𝒊

𝒏𝒕+𝒏𝒊
and similarly:



Ulaby &Hecht: Angular plots for 𝑅∥, 𝑇∥ 𝑙𝑒𝑓𝑡 𝑎𝑛𝑑 𝑅⊥, 𝑇⊥ 𝑟𝑖𝑔ℎ𝑡 𝑎𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝜽i for an air-glass interface.  

Note:  (a)  For any 𝜽i the sums 𝑅∥ + 𝑇∥ 𝑎𝑛𝑑 𝑅⊥ + 𝑇⊥ 𝑎𝑟𝑒 𝑒𝑎𝑐ℎ 𝑒𝑞𝑢𝑎𝑙𝑠 𝑢𝑛𝑖𝑡𝑦 (1) and (b) at the Brewster 
angle 𝜃𝑩, 𝑅∥ = 0 𝑎𝑛𝑑 𝑇∥=1. 





Total Internal Reflection
𝑛𝑖> 𝑛𝑡



External reflection (fast medium): 𝑛𝑖< 𝑛𝑡 𝑎𝑛𝑑 𝜃𝑡 < 𝜃𝑖 ;

Internal reflection (slow medium): 𝑛𝑖 > 𝑛𝑡 𝑎𝑛𝑑 𝜃𝑡 > 𝜃𝑖 ,
and 𝑟𝑠 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝜃𝑖

As for internal reflection, there is a 𝜃𝑖= 𝜃𝑐 𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑎𝑛𝑔𝑙𝑒 𝑤ℎ𝑒𝑟𝑒 𝑏𝑜𝑡ℎ
𝒓𝒔 and 𝒓𝒑 𝑡𝑒𝑛𝑑𝑠 𝑡𝑜 𝑢𝑛𝑖𝑡𝑦 (+1, 𝑠𝑒𝑒 𝐹𝑖𝑔𝑢𝑟𝑒 4.41), i.e. the amplitudes of the 

internal incident and of the internal reflected waves are equal.  In other words, the 
propagating internal wave is fully reflected internally and EMF doesn’t leaves the 
incident medium --- a phenomena known as total internal reflection.   

𝜽𝒄 𝒊𝒔 𝒂 𝒔𝒑𝒆𝒄𝒊𝒂𝒍 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝜽𝒊 𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝜽𝒕 =
𝝅

𝟐
.

Applying 𝜃𝑡=
𝜋

2
𝑖𝑛𝑡𝑜 Snell’ law, where 𝑛𝑖 > 𝑛𝑡, gives:

sin𝜽𝒄 =
𝑛𝑡
𝑛𝑖

≡ 𝑛𝑡𝑖 < 1 𝑎𝑛𝑑 𝜃𝑡 > 𝜃𝑖

Summary:  as 𝜽𝒊 becomes larger, the transmitted ray gradually approaches tangency with the interface plane (boundary) 
and consequently more energy appears in the reflected beam.
The larger 𝑛𝑖, the smaller 𝑛𝑡𝑖 𝑎𝑛𝑑 𝜽𝒄 are. For all 𝜃𝑖 ≥ 𝜃𝑐, all the incoming energy is reflected back into the ‘incident 
medium’, a process called total internal reflection.





Figure 4.55, Left (Hecht):  
𝜃𝑖𝑎𝑛𝑑 𝑛𝑖 𝑎𝑟𝑒 𝑘𝑒𝑝𝑡 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑛

𝑡ℎ𝑒 𝑠𝑢𝑏 − 𝑓𝑖𝑔𝑢𝑟𝑒𝑠 𝑎 , 𝑏 ,
𝑎𝑛𝑑 (c).
However, from (a) to (c ), 
𝑛𝑡 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑒𝑠 𝑡ℎ𝑒𝑟𝑒𝑏𝑦 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔
𝑣𝑡.
𝑇ℎ𝑒 𝑟𝑒𝑓𝑙𝑒𝑐𝑡𝑒𝑑 𝑏𝑒𝑎𝑚 𝑖𝑠 𝑛𝑜𝑡 𝑠ℎ𝑜𝑤𝑛.

The Total internal reflection can be nicely demonstrated 

via Huygens–Fresnel principle which says that every 

point on a wavefront is itself the source of 

spherical wavelets (Fig. 4.55). 

𝜽𝒄

In more general terms, when the evanescent wave 
extends with appreciable amplitude across 
the rare medium into nearby regions occupied by
a higher index material, energy may flow through 
the gape in what is known as frustrated total 
internal reflection (FTIR).  

The evanescent wave, having crossed the gape, is 
still strong enough to drive electrons in the 
“frustrating” medium.  The driven electrons will, in 
turn, generate a wave that completely alters the  
original field configuration, permitting energy flow.



A glance into the mathematical aspect of Evanescent Wave

The wave function of the transmitted EMF is:  ത𝐸𝑡 = ത𝐸0𝑡 exp 𝑖 ഥ𝑘𝑡 ∙ ҧ𝑟 − 𝜔𝑡 = ത𝐸0𝑡 exp 𝑖 𝑘𝑡𝑥𝑟𝑥 + 𝑘𝑡𝑦𝑟𝑦 − 𝜔𝑡 =

= ത𝐸0𝑡 exp 𝑖 𝑘𝑡𝑠𝑖𝑛𝜃𝑡𝑟𝑥 + 𝑘𝑡𝑐𝑜𝑠𝜃𝑡𝑟𝑦 − 𝜔𝑡 [1]

As we are aware that the waves component that travels along the y direction at the rare (fast) medium 
(𝑛𝑡) is attenuated,we are interested in the content of 𝑐𝑜𝑠𝜃𝑡 of [1].  These can be derived from Snell’s equation as follows:

𝑛𝑖𝑠𝑖𝑛𝜃𝑖 = 𝑛𝑡𝑠𝑖𝑛𝜃𝑡 = 𝑛𝑡 1 − 𝑐𝑜𝑠2𝜃𝑡
1/2 ⟹ 𝑐𝑜𝑠𝜃𝑡 = 1 −

𝑛𝑖
𝑛𝑡

2

𝑠𝑖𝑛2𝜃𝑡

1/2

= 1 −
𝑠𝑖𝑛2𝜃𝑡
𝑛𝑡𝑖

2

1/2

Replacing in [1] 𝑐𝑜𝑠𝜃𝑡 by 1 −
𝑠𝑖𝑛2𝜃𝑡

𝑛𝑡𝑖
2

1/2

, and recalling that we are interested in the case where 
𝑠𝑖𝑛2𝜃𝑡

𝑛𝑡𝑖
2 >1, the expression  

𝑘𝑡𝑐𝑜𝑠𝜃𝑡 = 𝑘𝑡 1 −
𝑠𝑖𝑛2𝜃𝑡

𝑛𝑡𝑖
2

1/2

becomes complex, i.e. ⟶= ±𝒊𝑘𝑡
𝑠𝑖𝑛2𝜃𝑡

𝑛𝑡𝑖
2 − 1

1

2
≡ ±𝑖𝛽. Introducing the last expression 

with the pre-exponent negative sign (the positive is not physical) into [1] and following Snell′s, i. e. 𝒔𝒊𝒏𝜽𝒕 =
𝒔𝒊𝒏𝜽𝒊

𝒏𝒕𝒊
, a wave 

function with an attenuated y-component is born:



ത𝐸𝑡 = ത𝐸0𝑡 𝑒
−𝛽𝑟𝑦𝑒𝑖 𝑘𝑡𝑠𝑖𝑛𝜃𝑡𝑟𝑥−𝜔𝑡 = ത𝐸0𝑡 𝑒

−𝛽𝑟𝑦𝑒
𝑖 𝑘𝑡𝑟𝑥

𝒔𝒊𝒏𝜽𝒊
𝒏𝒕𝒊

−𝜔𝑡

This wave propagates in the x direction as a surface/evanescent wave.  Its amplitude decays rapidly in the y-direction into 
the rare medium, becoming negligible at a distance into the rare medium of only a few wavelengths gap.   

Regarding energy conversation at the gap environment (proximity), a more extensive treatment would 
have shown that energy is actually circulating back and forth across the interface, resulting on the 
average in a zero net flow through the boundary into the less dense medium. However, the energy 
associated with the evanescent wave that propagates along the boundary in the plane of incidence, is 
attributed to the fact that in reality, the incident beam would have a finite cross section and hence 
obviously differ from a true plane wave (where the plane is considered an infinite unbound plane). This 
deviation gives rise (via diffraction) to a slight transmission of energy across the interface, which is 
manifested in the evanescent wave. (Hecht p. 125)    

Interestingly enough, the phase difference between the incident and reflected waves (at the interface) can be 
shown to differ from 𝜋 and hence cannot cancel each other.  Consequently, by the continuity of the tangential 
component of ത𝐸, there must exist an oscillatory field in the fast medium which vibrates at frequency 𝜔 in 
parallel to the interface, within the plane of incidence.



Reflection from a metal (excellent conductor)

1. Conductor (metal) has free electrons, i.e. being able to circulate within the conductor.

2. Their motion constitutes currents.

3. The deriving electric field ത𝐸, the resulting current density ҧ𝑗, and the conductivity are related by:   ҧ𝑗 = σഥ𝐸.

4. Dielectric has no free or conducting charges, i.e. 𝜎 = 0, while for metals 𝜎 ≠ 0 .   However

5. For idealized “perfect” conductor 𝝈 → ∞ and free electrons adequately follow the driven field alterations,

6. In perfect conductor no (a) restoring force, (b) natural frequencies and (c ) absorption exist, just re-emission.

7. In real metals the conduction electrons undergo collisions with the thermally agitated lattice and/or 

imperfections through which EM energy is irreversibly converted into Joule heat.



We previously show that for a good conductor 
𝜎

𝜀𝑅𝜔
>>1 in the visible  range, and hence 𝑘 and 𝑛 becomes complex:  

෨𝑘 = 𝜇𝜎𝜔 ∙ 𝑖1/2 = 𝜇𝜎𝜔 ∙ e
𝑖𝜋

2 = 𝜇𝜎𝜔 ∙ e
𝑖𝜋

4 ⟹ ෨𝑘 = 𝜇𝜎𝜔 =
𝜔

𝑣
=

𝜔
𝑐

𝑛

=
𝑛𝜔

𝑐
⟹

𝑛𝑐𝑜𝑛 =
𝑐

𝜔
𝜇𝜎𝜔 = 𝑐

𝜇𝜎

𝜔

So the larger 𝜎 the larger 𝑛𝑐𝑜𝑛 which decreases as 𝑓 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑒𝑠. Next, going back to the reflectance of a beam which 
propagates through air (𝑛𝑖=1) and perpendicularly hit a good conductor surface, i.e. 𝑛𝑡 = 𝑛𝑐𝑜𝑛 = 𝑛 = 𝑛𝑅 + 𝑖𝑛𝐼 we 
have:  

𝑅 =
𝑛𝑡 − 1

𝑛𝑡 + 1

2

→ 𝑅𝑐𝑜𝑛 =
𝑛𝑐𝑜𝑛,𝑡 − 1

𝑛𝑐𝑜𝑛,𝑡 + 1

𝑛𝑐𝑜𝑛,𝑡 − 1

𝑛𝑐𝑜𝑛,𝑡 + 1

∗

=
𝑛𝑅 − 1 2 + 𝑛𝐼

2

𝑛𝑅 + 1 2 + 𝑛𝐼
2

When 𝜎 → 0, 𝑛𝐼 → 0 𝑎𝑛𝑑 𝑅𝑐𝑜𝑛 → 𝑅𝑑𝑖𝑎. =
𝑛𝑅−1

𝑛𝑅+1

2
𝑓𝑜𝑟 𝑛𝑖=1 (air-dielectric interface). In this case 𝑛𝑅=𝑛𝑡

However, for 𝜎 → ∞, 𝑛𝐼 ≫ 𝑛𝑅 𝑎𝑛𝑑 𝑅𝑐𝑜𝑛 → 1.  



Phase velocity of a wave is the rate at which its phase (the argument of the periodic function, 𝜙 = 𝑘𝑥 − 𝜔𝑡) 
is changed with time, for a single frequency.  In other words, it is the velocity at which the phase of any one 

frequency component of the wave travels. The phase velocity is given in terms of the wavelength 𝜆 and 

period 𝑇 as 𝑣𝑝 =
𝜆

𝑇
→

𝜔

𝑘
.   From 𝜙 = 𝑘𝑥 − 𝜔𝑡 ⟹

𝜕𝜙

𝜕𝑥
= 𝑘 and −

𝜕𝜙

𝜕𝑡
= 𝜔, out of which 𝑣 =

𝑑𝑥

𝑑𝑡
=

𝜔

𝑘

Phase and Group velocities 

Group velocity,  
Δ𝜔

Δ𝑘
, is the rate at which the amplitude of the wave package envelope (usually resulted from the 

wave modulation) changes in time.   In general 𝜔 𝑖𝑠 𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑘.

Example:  By combining two sines with slightly different frequencies and wavelengths (wave #s), one gets:

cos 𝑘 − ∆𝑘 𝑥 − 𝜔 − ∆𝜔 𝑡 + cos 𝑘 + ∆𝑘 𝑥 − 𝜔 + ∆𝜔 𝑡 = 𝟐𝐜𝐨𝐬(∆𝒌𝒙 − ∆𝝎𝒕) ∙ 𝒄𝒐𝒔(𝒌𝒙 − 𝝎𝒕)
Envelope wave Carrier wave 

So that the envelope (group) velocity is 𝒗𝒈 =
∆𝝎

∆𝒌
→

𝒅𝝎

𝒅𝒌
𝑎𝑛𝑑 the phase velocity is 𝒗𝒑 =

𝝎

𝒌

Recalling that 𝑛 =
𝑐

𝒗𝒑
=

𝑐𝑘

𝝎
⟹𝜔 =

𝑐𝑘 𝑛

𝒏
⟹ 𝑣𝑔 =

𝑑𝜔

𝑑𝑘
=

𝑐

𝑛
−

𝑐𝑘

𝑛2
∙
𝑑𝑛

𝑑𝑘

𝑤ℎ𝑒𝑟𝑒
𝑐

𝑛
= 𝑣𝑝 and equals 𝑣𝑔 𝑜𝑛𝑙𝑦 𝑓𝑜𝑟

𝑑𝑛

𝑑𝑘
= 0, a circumstance where the phase and group velocities are equ𝑎l.

https://en.wikipedia.org/wiki/Phase_velocity
https://en.wikipedia.org/wiki/Phase_velocity


The three macroscopic properties: 𝜀, 𝜇 𝑎𝑛𝑑 𝜎 which characterize medium are actually, in different extents, frequency
(of the perturbation EMF) dependent.

The energy carried by a wave packet 
in a dispersive medium ordinarily 
travels at the group velocity, not the 
phase velocity. 

Obviously, the frequency dependence of the permittivity makes 𝑛, the refractive index, and 𝑣, the wave propagation
velocity, frequency dependent as well, a phenomenon called dispersion. 

𝑣𝑝

(Griffiths, p399)

Next, because waves of different frequency travels at different speeds in a dispersive medium, a wave form that 
incorporates a range of frequencies will change shape (being modulated) as it propagates.  For instance, a sharply defined 
sinusoidal wave will typically flattens out, whereas each sinusoidal component travels at the ordinary wave (or phase) 

velocity:   𝒗𝒑 =
𝝎

𝒌
, the packet as a whole (the “envelope”) travels at the so-called group velocity: 𝒗𝒈 =

𝒅𝝎

𝒅𝒌


